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Transport models of diffusion-induced bubble growth and collapse in viscous liguids
are developed and evaluated. A rigorous model for these important phenomena is for-
mulated taking into account convective and diffusive mass transport, surface tension,
and viscous and inertial effects. Predictions for bubble growth dynamics demonstrate
the importance of viscous effects in the liquid surrounding the bubble for a wide range
of conditions having relevance to polymer processing operations. It is also shown how
previous models employing various approximations can be derived from the rigorous
model by using different mathematical methods and dimensional analysis. Predicted
bubble growth dynamics from the rigorous and approximate models are compared to
establish the ranges of validity for two commonly used approximations. These compar-
isons indicate that models using a thin boundary-layer approximation have a rather
limited range of applicability. A new approximate model, based on a previously pub-
lished result, gives reasonably accurate bubble growth rate predictions with a significant

reduction in computational effort.

Introduction

The mass diffusion-induced growth and collapse of gas
bubbles in liquids occurs in numerous chemical and materials
processing operations. Not surprisingly, many studies have
been conducted in order to develop transport models that
allow prediction of bubble growth or collapse rates, which, in
turn, can be used to design process equipment or to interpret
experiments designed to measure transport properties. In
many situations, the disparate time scales for mass and mo-
mentum transport in the liquid surrounding the bubble allow
the two transport processes to be decoupled. For slow growth
or dissolution of bubbles in low viscosity liquids, momentum
transport in the liquid can often be neglected; and the rate of
bubble growth or collapse is controlled by the rate of mass
diffusion. However, in situations where the liquid surround-
ing the bubble has a relatively high viscosity, momentum
transfer in the liquid can significantly influence mass trans-
fer. For example, in the production of polymeric foams and
in polymer devolatilization processes, the high viscosity of the
molten polymer surrounding the bubble can have substantial
effects on the rate of bubble growth and collapse (Villamizar
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and Han, 1978; Han and Yoo, 1981). In this study, we will
primarily be concerned with modeling the isothermal growth
and collapse of a single, spherical, gas bubble surrounded by
a viscous liquid of infinite extent where the growth or col-
lapse is the result of an externally-imposed concentration dif-
ference of a diffusing species.

The transport modeling of mass diffusion-controlled bub-
ble growth and collapse has received a great deal of attention
and one could argue that it is fairly well developed from a
theoretical point of view. While the decoupling of momen-
tum transport from mass transport results in a considerable
degree of simplification, the governing equations constitute a
nonlinear, moving boundary problem for which no exact ana-
lytical solutions are available. Numerical solutions of the gov-
erning equations using finite difference methods have been
reported where the difficulties of a moving boundary, steep
concentration gradients, and an infinite domain encountered
in this problem have been resolved (Duda and Vrentas, 1969).
Approximate analytical solutions have been found for rapid
or slow growth and dissolution rates using perturbation tech-
niques (Epstein and Plesset, 1950; Duda and Vrentas, 1969)
and thin boundary-layer approximations (Plesset and Zwick,
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1952; Rosner and Epstein, 1972). A summary of approximate
analytical solutions of diffusion-controlled bubble growth and
collapse problems and recommendations for their use is
available (Vrentas et al., 1983). For the case of bubble growth
from a zero initial radius, an exact solution based on similar-
ity transformation has been found (Scriven, 1959).

The development of transport models for diffusion-induced
bubble growth and collapse in viscous liquids involves addi-
tional, and sometimes subtle, effects not found in the govern-
ing equations for diffusion-controlled phenomena. The trans-
port equations governing diffusion-controlled bubble growth
and collapse must be modified and augmented with a mass
balance on the gas bubble and a momentum balance on the
liquid surrounding the bubble, which are coupled by bound-
ary conditions at the gas-liquid interface that take on some-
what different forms.

Surprisingly, a rigorous formulation of the governing equa-
tions for diffusion-induced bubble growth or collapse has not
been previously published. All previous analysis of this trans-
port problem is based on the use of approximations that sim-
plify the model considerably. While model simplicity is, of
course, desirable, the validity of these approximations has yet
to be established. One approximation is founded on the argu-
ment that the driving force for mass diffusion, based on the
difference between the initial concentration of the diffusing
species and the concentration at saturation, is small, We shall
refer to this as the infinitely dilute solute (IDS) approxima-
tion. The second is the well-known thin boundary layer (TBL)
approximation, which assumes that variations in the concen-
tration of the diffusing species are confined to a thin region
surrounding the bubble.

Here, we briefly summarize previous studies where the
problem of diffusion-induced bubble growth or collapse in
viscous liquids has been analyzed. Apparently, the first analy-
sis was carried out by Barlow and Langlois (1962) who con-
sidered the growth of a gas bubble surrounded by a Newto-
nian liquid. This analysis invokes a TBL approximation based
on the work of Plesset and Zwick (1952), and also makes use
of the IDS approximation. The TBL approximation used by
Plesset and Zwick (1952) can be regarded as a perturbation
solution in which the volume of the concentration boundary
layer is assumed to be small compared to the volume of the
growing bubble. Street et al. (1971) followed the same devel-
opment as Barlow and Langlois and developed a model for
nonisothermal bubble growth in a non-Newtonian fluid of the
power-law type. At about the same time, Szekely and Martins
(1971) developed a model for bubble growth in a Newtonian
liquid in which the IDS and other approximations were uti-
lized. The dissolution of a gas bubble in a Newtonian liquid
and in a viscoelastic liquid (Oldroyd B fluid) was modeled by
Zana and Leal (1975) who also used the IDS approximation.
A model for bubble growth in a Newtonian liquid was devel-
oped by Patel (1980) based on a TBL approximation used by
Rosner and Epstein (1972), which also used the IDS approxi-
mation. The TBL approximation used by Rosner and Epstein
(1972), who developed a model for bubble growth in which
viscous and inertial effects were neglected, can be classified
as a special type of weighted residuals method where the
species continuity equation is satisfied only in an average
sense. Patel found that predictions from this model were in
good agreement with those obtained by Barlow and Langlois
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(1962). Han and Yoo (1981) developed a model using a TBL
approximation similar to that of Rosner and Epstein (1972)
and the IDS approximation to describe the growth of a bub-
ble in a Newtonian fluid and in a corotational Maxwell
(viscoelastic) fluid. The early-time dynamics of bubble growth
and collapse in Newtonian and viscoelastic liquids were also
examined using the same transport model (Yoo and Han,
1982). A model for bubble growth in liquids has also been
developed using a weighted residuals method similar to Ros-
ner and Epstein (1972) that did not require a TBL approxi-
mation (Payvar, 1987). It should be noted, however, that the
model developed by Payvar (1987) excluded viscous, inertial
and surface tension effects. More recently, Ramesh et al.
(1991) used a model similar to Han and Yoo (1981) to de-
scribe bubble growth in power law and Maxwell model fluids.

As noted above, this study is concerned with transport
modeling of the growth and dissolution of a bubble sur-
rounded by a liquid of infinite extent where, because of the
unlimited amount of diffusing species, the bubble will grow
indefinitely or collapse completely. A number of models have
been developed in which the bubble is surrounded by a ficti-
tious liquid shell of finite size. Since the amount of diffusing
species is finite, the bubble radius approaches a terminal value
that depends on the assumed size of the initial liquid shell.
While there appears to be a connection between the finite
shell model and the TBL approximation models mentioned
above, fundamentally they are different in that the former
predicts a terminal bubble radius while the latter predicts in-
definite bubble growth. Amon and Denson (1984) appear to
be the first to have used this approach to describe the growth
of a bubble surrounded by a finite shell of a Newtonian lig-
uid. Arefmanesh et al. (1992) developed a similar model and
made comparisons of predicted bubble growth to those from
the TBL approximation model of Rosner and Epstein (1972)
and Patel (1980). The results of such a comparison are some-
what inconclusive since the bubble radius at all but early
stages of the growth process predicted by the finite shell
model can be strongly influenced by the approach of the bub-
ble radius to its terminal value. The finite shell model was
also used by Arefmanesh and Advani (1991) to describe the
growth of a bubble in an upper convected Maxwell (viscoelas-
tic) fluid. It should be noted that in all of the finite shell
models mentioned here, the IDS approximation was utilized.

Hence, in all previous studies on bubble growth or collapse
in viscous liquids, either the infinitely dilute solute approxi-
mation, or a thin boundary layer approximation, or both, have
been used. Moreover, a number of models where more com-
plicated effects such as fluid elasticity have been included
(Han and Yoo, 1981; Ramesh et al., 1991), and a model for
predicting bulk flow in polymer foam processing (Arefmanesh
et al, 1990), are based on transport models using both
approximations, neither of which have been justified.
Intuitively, one would expect viscous effects in the liquid sur-
rounding the bubble to retard the rate of growth or disso-
lution in comparison with the diffusion-controlled case.
Indeed, this is what has been reported in previous analysis of
this problem. While much has been gained from the studies
mentioned above, it appears that further progress in this area
would be facilitated by formulating a rigorous transport model
so that conditions for the validity of the approximations used
in all previous models can be established. In the following
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section, we formulate a rigorous transport model for the dif-
fusion-induced growth and collapse of a gas bubble in a vis-
cous liquid. From this rigorous model, we derive previously
published, approximate models of these phenomena. In the
third section of this article, we present comparisons of bub-
ble growth dynamics from the rigorous mode! with those
obtained from the approximate models and discuss the ap-
propriateness of the approximations used to derive the latter.
A simple, but accurate approximate model is also developed
and evaluated. In the final section, the findings of this study
are summarized.

Problem Formuiation

In this section, we first give the assumptions that are used
in formulating the problem of diffusion-induced bubble
growth and collapse in a viscous liquid. Rigorous forms of the
governing transport equations are presented in dimensionless
form. It is then demonstrated how this set of equations can
be manipulated into simplified forms that have been consid-
ered in previous work on this problem.

Consider the growth of a single-component, spherical gas
bubble surrounded by a liquid of infinite extent. The liquid is
of binary constitution: one component is a volatile species
from which the bubble is composed, and the other compo-
nent is a nonvolatile species. The entire system is assumed to
be isothermal, and there are no chemical reactions. Mass dif-
fusion is assumed to be governed by Fick’s law with a con-
stant diffusivity D. The position of the bubble is fixed and
located at the origin of a spherical coordinate system. The
gas within the bubble is assumed to be inviscid and to obey
the ideal gas law. If inertial effects in the bubble are also
neglected, the pressure within the bubble will be uniform. It
also assumed that equilibrium exists at the gas-liquid inter-
face and is governed by Henry’s law with Henry’s law con-
stant k.

In the liquid surrounding the bubble, it is assumed that the
velocity field is purely radial and that the solute concentra-
tion field is spherically symmetric. The liquid surrounding the
bubble is assumed to be an incompressible Newtonian fluid
with constant viscosity w. and constant mass density p. All the
gravitational effects are neglected, and the pressure far from
the bubble is assumed be constant at p.. In addition, the
interfacial tension at the gas-liquid interface is assumed to be
o . Initially, the bubble has radius R, and is surrounded by a
liquid at rest with a uniform solute mass density (mass so-
lute/volume of mixture) of p,, and a uniform pressure of p..

Rigorous model

We now give the dimensionless form of the governing
equations that define the transport problem. Definitions for
the dimensionless variables and the dimensional quantities
used to define them can be found at the end of this article.
We note here, however, that R, is the characteristic length
and R}/D is the characteristic time, which is consistent with
the scheme typically used to model diffusion-controlled be-
havior. The species continuity equation for the mass density
of the volatile species p, = p,(r,¢) is given by

p; (791_1 a(zﬁpl)
1 — == —(r—
ar

v 1
ot Tor r ar @
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Total mass continuity in the liquid allows the radial compo-
nent of the mass-average velocity v, = v, (r,t) to be written
as

f()
o=

r r2

2

where f is a dimensionless function of time. The initial and
boundary conditions for Eq. 1 are given by

p;(r,()) =0 (3)

piee,t)=0 Y]
Ngp

(R,0)= £ (5)
P1 1- Ng

where R = R(¢) is the bubble radius, and Py = pg(t) is the
pressure within the gas bubble. Jump mass balances at the
gas-liquid interface allow the function f(¢) in Eq. 2 to be
expressed as follows

dR 1-N,
— +N, X (ip—l) ] (6)
r=R

=R*—+
f di " P1-Ng— NyNe(p, =D\ or

A total mass balance on the gas bubble can be written as

d
_(p8R3) = —3R*N, 1=

1— Ny (‘9101
dt Ng = NpNe(p, =D\ or ], _p

N

The radial component of the Navier-Stokes equations can be
integrated over the radial coordinate from R to %; combined
with the jump linear momentum balance at the gas-liquid in-
terface, to give

1df f?
Rdt 2R*

Ne f
pe=1+2— +4Nr—=5 + Ny

= ®)

Equation 8 shows that the pressure within the bubble devi-
ates from its (dimensionless) value of one as a result of
surface tension, viscous and inertial forces. It is clear that
variations of p, couple momentum transfer to the mass-
transfer process via the boundary condition, Eq. 5, and via
the convective mass transport process, Eq. 6. The initial con-
ditions for Eqs. 6-8 are given by

R(0)=1 9
PO =1+2N, (10)
f(0)=0 (11)

Equations 1-11 constitute the rigorous transport model for
diffusion-induced bubble growth and collapse in viscous lig-
uids, which apparently have not been previously published.

Vol. 43, No. 11 AIChE Journal



Table 1. Dimensionless Groups and Their Values

P\ P~ kps
N, = _— 1, 10, 100
. (Apx) p—kp.
—kp,
Ng = Pu” - 1073 N,
p—kps
kp..
ik =— 0.01
Pro
Ne = — 04
e PRy '
uD
Ny = 5 0,0.1, 1.0, 10
pacR(]
DZ
Ng = it 3 10 Ny
paoRO

Clearly, this coupled set of equations is nonlinear and it is
unlikely that an exact analytical solution can be found.

The six dimensionless groups (N, Ng, N¢, Ng, Nz, Np)
that appear in Egs. 1-11 are defined in Table 1. The group
Ny is a dimensionless concentration difference, or driving
force for mass diffusion. The group N, is this same driving
force scaled by the ratio of the liquid density to a characteris-
tic gas bubble density. The magnitude of N, is an indication
of the rate of growth or collapse; the difference |N, — Npl| is
a measure of the importance of convective mass transport.
Both N, and Nj are positive for bubble growth and negative
for bubble collapse; for the growth and collapse of gas bub-
bles in liquids under typical conditions, |Ng| << |N,|. The
group Ny is a dimensionless Henry’s law constant and for
nonzero values of N, and Np, Ny # 1. The ratio of charac-
teristic times for viscous momentum and diffusive mass trans-
port is indicated by N,. The ratio of characteristic times for
inertial momentum and diffusive mass transport is given by
Np. Finally, the group N is a dimensionless surface tension.

Before we consider the approximations used to simplify the
rigorous model defined by Egs. 1-11, we show under what
conditions the diffusion-controlled limit is achieved. If vis-
cous, inertial, and surface tension forces are neglected (Ny
— 0, Ny, = 0, N-—0), Eq. 8 becomes

p=1 (12)

so the boundary condition at the gas-liquid interface, Eq. 5,
becomes

Pl(R,t)=1 (13)

and Eqgs. 6 and 7 can be written as

p,
=— R%(N, — —_
( 4 NB)( ar )r=R (14)
dR &pl
I——NA(";;)r=R (15)

Equations 1-4, 9, and 13-15 constitute the governing equa-
tions for diffusion-controlled bubble growth or collapse and
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contain the two dimensionless groups N, and Ng. [(The di-
mensionless groups N, and N, used by Vrentas et al. (1983)
are related to those used here by replacing p,, with p,,, the
equilibrium solute mass density; replacing Ap.. with p,, the
gas bubble density; and noting: N, = — N, and N, = — Np.)]
There are no known exact solutions for this transport prob-
lem. For bubble growth from a zero initial radius bubble,
R(0)= 0, Egs. 1-4 and 13-15 admit an exact similarity solu-
tion of the form

R=28Vt (16)

where B is a constant that depends on the values of N, and
Npg (Scriven, 1959).

It has been noted (Vrentas et al., 1983) that numerical so-
lutions of Eqs. 1-4, 9, and 1315 are in good agreement with
the similarity solution given in Eq. 16 for R > 5. Hence, for
diffusion-controlled bubble growth from a nonzero initial ra-
dius bubble where R > 5, dR/d\/t_ , which we will refer to as
the rate of bubble growth, is constant. Physically, this occurs
because the concentration boundary layer thickness increases
at the same rate as the bubble radius. It is also evident that
when R —x, Eq. 8 reduces to Eq. 12. Consequently, even if
viscous, inertial and surface tension forces are significant
during early stages of bubble growth, diffusion-controlled be-
havior is always reached in the limit R — . In other words,
the bubble growth rate (that is, dR/dvt) will asymptotically
approach the same constant value as for diffusion-controlled
growth.

Approximate models

We now consider a model that uses the infinitely dilute
solute (IDS) approximation, which will be valid when | Np| <
1. Setting Nz = 0 allows Eq. 6 to be written as

f= de—R an
dt

The radial component of the velocity field is, combining Eqs.
2 and 17, given by

R* R (18)
b= r dr

The particularly simple result given in Eq. 18 is valid in a
strict sense only if there is no mass transfer across the gas-liquid
interface; when there is mass transfer across the interface, it
is valid only if Nz/N, <1, which is consistent with the IDS
approximation, |Np| <1, as long as the growth or collapse
rate is not large. Substitution of Eq. 18 in Eq. 1 gives

3 R?*dR 4 1 d( 9
ﬂ+__ﬂ=__(,zﬂ (19)
ot r* dt ar r?or ar
Setting Np = 0 allows Eq. 7 to be written as
d Ip,
— 3} = —-3R? —
dt(pgR )=-3R NA( - ),=R (20)
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Substitution of Eq. 17 in Eq. 8 gives

1 dR d?R 3 {dR\?
R —(——) 1)

NC
—~ +4N;——+ N
TRa R

pg=1+2 R

—+
d* 2\ 4t

where the initial condition given in Eq. 11 is replaced by

iR ®=0 22)
—©=

Hence, using the IDS approximation (INg| << 1), the growth
or dissolution of a gas bubble in a viscous liquid is governed
by Egs. 19-21 with boundary and initial conditions given in
Egs. 3-5, 9, 10 and 22 and the five dimensionless groups N,
N¢, N, Ng, Ny. This is similar to the model proposed previ-
ously by Szekely and Martins (1971), although a somewhat
different form of Eq. 20 was considered. [Szekely and Mar-
tins (1971) used the following expression in place of Eq. 20
pe(dR/dt) = — N(p,/91),.g.]

The second approximation frequently used in models for
diffusion-induced bubble growth is the thin-boundary layer
(TBL) approximation. The TBL approximation assumes that
the variation of the concentration field is confined to a thin
shell surrounding the bubble. Physically, this approximation
implies that the rate of growth of the concentration boundary
layer is small compared to the rate of bubble growth and,
consequently, should be applicable for rapid growth situa-
tions: N, > 1. For diffusion-controlled bubble growth, it has
been noted that TBL models are valid for N, > 10 (Vrentas
et al,, 1983). The TBL approximation has been implemented
in diffusion-induced bubble growth models using two differ-
ent mathematical approaches.

First, we consider the method developed by Plesset and
Zwick (1952), which can be thought of as a perturbation
method where the ratio of concentration boundary layer vol-
ume to bubble volume serves as the perturbation parameter.
This approach is based on a change of variables

1
£E= §[r3 - R(1) (23)

r= f ‘RGN dt (24)
0

where ¢ can be thought of as a Lagrangian radial coordinate,
and 7 is transformed time. More importantly, 47¢ is as-
sumed to be the volume of the concentration boundary layer
so that the perturbation parameter (the ratio of concentra-
tion boundary layer volume to bubble volume) is given by
3¢£/R>. Application of the change in variables given by Egs.
23 and 24 in Egs. 1, 2, 6 and 7, combining them and using the
inequality 3¢/R® < 1, gives

ap, Ny d 5
o 3N,R 2 (PeR) 5 = (25)

Clearly, the nonlinear convective term drops out only when
Ng/N, <1, and in such cases, Eq. 25 can be written as
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dpy 9Py
o -1_75_2 (26)

The initial and boundary conditions for Eq. 26 are the follow-
ing

pi(£,0)=0 @n

p(&,7)=0 for 3¢ <R® (28)
1- Ngp,

PI(O, 7) 1 NK (29)

Equations 2629 constitute a lincar boundary value problem
for which an analytical solution can be found in terms of the
unknown bubble radius R(z) and gas pressure p,(¢). This so-
lution can be used to evaluate the righthand side of Eq. 20.
Hence, the problem can be reduced to the solution of two
nonlinear, ordinary differential equations for R(¢) and p,(1),
Egs. 20 and 21, subject to the initial conditions given in Egs.
9, 10 and 22. Using this method, Barlow and Langlois (1962)
derived a single, nonlinear integro-differential equation for
R(#). Note that this approach for implementing the TBL ap-
proximation also makes use of the IDS approximation. Since
the TBL approximation implies N, > 1 and the IDS approxi-
mation implies Ny <1, it appears that this model for bubble
growth in liquids, where Ng/N, ~ 1073, will have a fairly nar-
row range of applicability.

The second method for introducing the TBL approxima-
tion is the integral or moment method, and is a special type
of weighted residuals method (Rosner and Epstein, 1972).
This method involves postulating a functional form for the
concentration field in terms of an unknown function of time,
in this case, the thickness of the concentration boundary layer,
8(t). First, Eq. 1 is multiplied by r? and integrated over the
radial coordinate from R to R+ §; it is combined with Eqgs.
2 and 5-7. Use is then made of the following properties of
the assumed concentration field: (p,)g, s = 0; (3p,/07),_gr 45
= 0. Finally, the result of this procedure is integrated over
time with Eqs. 3, 9 and 10 to give the following expression

1- N,
/R + Brzpldr _ B (30)
R

3N, [P R~ (1 +20))

Rosner and Epstein (1972) assumed the following form for
the concentration field

l—NKpg

: r—R\?
pilr,t) = ——5 (_ 5 ) R<r=<R+3 @3y
K

r=R+6

From Eq. 31 we have

ap; 2R 1— Ngpg |\ 1
(ar ,-r 8\ 1-N¢ IR
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and substitution of Eq. 31 in the lefthand side of Eq. 30 gives
after integrating

5 1/68\ 1/8)\
R Z(R) IO(R)

1- N,
-

1- Ny
1—NKpg

pgR3 ‘—(1 +2Nc)
R3

(33)

Retaining only the first term on the lefthand side of Eq.
33, that is, for 8/R < 1; combining this result with Eqgs. 7 and
32 gives the following expression

i( R)- 6NZ(1~ Ngp, )R
dr \Ps (1= Np)(1 = NI1— Ny — NyNg(p, — D]

R3
X ——gm———— (34
PR —(1+2Np) Gy

It has been suggested (Han and Yoo, 1981) that the accuracy
of the TBL approximation can be improved if the first and
second terms on the lefthand side of Eq. 33 are retained and
the resulting quadratic equation is solved for 8/R. This re-
sult, combined with Eqgs. 7 and 32 gives

i( R)- 6N(1— Np,)R
dr\Pe [— Ng — NgNg(p,— D

-1

1-N, 1-N R3—(1+2N,)

x|/ 1+2—=2 x P — —1
N, 1_NKPg R

(35)

The integral method developed by Payvar (1987) employed
the following functional form for the concentration field in
the boundary layer in place of the one given in Eq. 31

l—NKpg

pl(r’t)—_—_i__—_ﬁ_ r

)
0 r>=R+ 6

R r—-R\?
—-(1— ) R<r<R+56 (36)

From Eq. 36 we have

ap, RY[1-Ngp,\ 1
—_— =—1+2= || —— = 7
(3r)r=k ( 5)( 1-N¢ JR 6P
and substitution of Eq. 36 in the lefthand side of Eq. 30 gives

after integrating

1- N
1- N¢p,

PR —(1+2N;)
R3

R (38)

8 1(5)2 1— Ng

R 4 N,

Solution of Eq. 38 for 8/R and combination with Egs. 7 and
37, gives
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(0,F) - 3N,(1— Ngp,)R
ai P ) T TN~ NyNe(p, - D)

1-N, 1-N R} —(1+2N,)
X 1+(‘/1+ g K Ps S

N, 1-Ngp, R?

(39)

As noted by Payvar (1987), this approximate solution of the
species continuity equation is not restricted to small values of
8/R. Consequently, the result given in Eq. 39 should not be
considered a TBL approximation and should be valid for all
values of N,.

The integral method has been used to find approximate
solutions of Eqs. 1-6, which has resulted in three different
expressions for the mass balance on the gas bubble: Egs. 34,
35 and 39. It should be noted that the equations given in Egs.
34, 35 and 39 are all singular at ¢ =0, and, consequently, will
require special integration techniques. The singularity in Eq.
34 can be eliminated using a simple change of variable. [The
following change of variable suggested by Patel (1980) can be
used to resolve the singularities in Eqs. 34 and 41: vx = pgR3
~(1+2N).] The change of variable required to resolve the
singularity in Eq. 35 or 39 is not, however, obvious. Here, we
only consider the TBL approximation derived by Rosner and
Epstein (1972) (Eq. 34), which has been the basis for several
studies on bubble growth modeling. In the following section,
a comparison of all three approximate solutions with the ex-
act similarity solution will be made. Combination of Egs. 6,
32 and 33, for §/R < 1, gives

g2 Ry Nalls
dt 1—- Ny
y (1- Ngp,)’ R
(1= N1~ Ny — NyNg(p, — D] p,R*—(1+2N)

(40)

Hence, Eqs. 8-11, 34 and 40 constitute a TBL approximation
model derived using the integral model of Rosner and Ep-
stein (1972).

As discussed in the previous section, several studies on
bubble growth have used both the TBL approximation based
on the integral method and the IDS approximation (Patel,
1980; Han and Yoo, 1981; Ramesh et al., 1991). In order to
reproduce these models, Eq. 40 must reduce to Eq. 17, which
can be achieved if |[N,NyA1— Np)l < 1; and Eq. 34 must
simplify to

41)

l—NKpg]2 R*

i(pR3)=6N2
dr\"% 4 1-Ne | p,RP-(1+2NL)

which will be true since Ny < 1. Hence, integration of Egs.
21 and 41 with initial conditions given in Egs. 9, 10 and 22
constitute a model for bubble growth in which both the TBL
and IDS approximations are used. Use of these two approxi-
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mations will, as noted earlier, result in a fairly narrow range
of applicability for this model.

We now summarize the transport models derived above
that will be compared in the following section. The rigorous
model for bubble growth and collapse in viscous liquids is
defined by Eqgs. 1-11. The model for bubble growth and col-
lapse using the IDS approximation (|Ng| < 1) is given by so-
lution of Egs. 35, 9, 10 and 19-22. Two methods for intro-
ducing the TBL approximation in models for describing bub-
ble growth in viscous liquids have been discussed—the per-
turbation method and the integral method. The IDS approxi-
mation has also been used in models where the TBL approxi-
mation has been introduced by the perturbation method
(Barlow and Langlois, 1962; Street et al.,, 1971) and by the
integral method (Patel, 1980; Han and Yoo, 1981); it has been
shown (Patel, 1980) that the two models give similar results.
Hence, we shall consider only the model derived using the
integral method for introducing the TBL approximation along
with the IDS approximation, which is given by solution of
Egs. 9, 10, 21, 22 and 41.

Resuilts and Discussion

In this section, we present and compare predicted bubble
growth dynamics from the rigorous and approximate models
derived in the previous section. Also, a new approximate
model is proposed and evaluated.

The models presented above are all highly nonlinear and,
consequently, require numerical solution. In models requir-
ing solution of the species continuity equation, an implicit
finite difference method was used. Before discretization, a
coordinate transformation was applied (Duda and Vrentas,
1969) to immobilize the moving boundary and map the infi-
nite domain into a finite one. The code was first checked by
solving diffusion-controlled bubble growth problems (p, =1)
and comparing the computed R(¢) results with previously
published results (Duda and Vrentas, 1969) and with results
from the exact similarity solution for R > 1. For the rigorous
and IDS approximation models of diffusion-induced bubble
growth and collapse (p, # 1), the spatially-discretized form of
the species continuity equation was solved using the method
of lines so that simultaneous integration of the ordinary dif-
ferential equations for R(¢), p,(#) and f(¢) was possible. For
the model using both the IDS and TBL approximations, solu-
tion of the ordinary differential equations for R(¢) and p,(¢)
was carried out using standard integration routines. Conver-
gence of the numerical solutions was insured by refining the
spatial and temporal step sizes.

As noted in the previous section, six dimensionless groups
(see Table 1) appear in the rigorous model for bubble growth
and collapse in viscous liquids. Clearly, systematic study of all
these groups to determine their influence on bubble growth
dynamics would not be practical. Therefore, we have chosen
to focus on a subset of the six groups that are likely to have
the highest degree of variability in systems of practical impor-
tance, and that will have bearing on the approximations used
in previously proposed models. Values of the dimensionless
groups used in this study and shown in Table 1 were deter-
mined from data given in previous bubble growth studies
(Barlow and Langlois, 1962; Han and Yoo, 1981) that have
focused on the growth of bubbles in polymer liquids contain-
ing a dissolved, low molecular weight species.
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The group N, (=1, 10, 100) will be examined in some de-
tail since its magnitude controls the rate of bubble growth
and is connected to the validity of the TBL approximation.
The group Ny will also be studied since it is related to the
IDS approximation. As shown in Table 1, the ratio of Ny/N,,
which equals the ratio of a characteristic gas bubble density
to liquid density, will be held constant at a value of 107>, The
second dimensionless group to be considered in detail is Ny
(=0, 0.1, 1.0, 10), which indicates the relative importance of
viscous effects in the liquid surrounding the bubble. Due to
the relatively high viscosity of molten polymers, Nz <1 as
indicated in Table 1, and, consequently, inertial effects are
effectively neglected. The dimensionless Henry’s law constant
Ny and the dimensionless surface tension N were fixed at
the values shown in Table 1 that are typical for gas-
bubble/polymer-liquid systems.

Rigorous model predictions

We first consider predictions from the rigorous model for
bubble growth and examine the effect of viscous forces in the
liquid surrounding the bubble. Figure 1 shows bubble growth
dynamics for N, =10 and different values of Ny in terms of
the bubble radius R vs. v¢. From this figure, it is evident that
as Ny is increased, bubble growth is retarded compared with
the diffusion-controlled case (dashed line). Figure 1 also
shows that at later stages of the growth process, the rate of
bubble growth approaches the rate of diffusion-controlled
growth; that the time (or bubble sized) required to reach a
constant growth rate increases with increasing Nr.

Figure 2 shows bubble pressure dynamics for the same cases
shown in Figure 1. For the three values of N, shown in Fig-
ure 2, the bubble pressure increases from its initial value,
goes through a maximum, and then gradually approaches the
bubble pressure for the diffusion-controlled case (p,=1)
shown by the dashed line. The dynamics of bubble pressure
shown in this figure are the result of solute transport from
the liquid to the gas phase occurring at a rate faster than the
rate of increase of bubble volume. At early stages of the
process, bubble growth is inhibited and, consequently, the

100
7571

:

K50

- 0.1

i 1.0
257

s 10

0 “ I IS BT Loy
0 1 2 3 4 5
Yt

Figure 1. Bubble growth dynamics from rigorous model
for N,=10 and values of N; indicated in fig-
ure.

Values of other dimensionless groups are given in Table 1.
Dashed line corresponds to diffusion-controlled case where
Np= Ng= Np=0and R(0)=0 described by Eq. 16.
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Figure 2. Bubble pressure during growth from rigorous
mode! for N,=10 and values of N, indicated
in figure.

Values of other dimensionless groups are given in Table 1.

Dashed line corresponds to diffusion-controlled case where
Ny = Ne= Ngp=0 and R(0)= 0 described by Eq. 16.

pressure inside the bubble must increase. As the bubble grows
to a larger size, the magnitude of retarding viscous forces in
the liquid surrounding the bubble diminish so that the bubble
volume can increase at exactly the rate required to accommo-
date solute as it enters the bubble. The dynamics of p, shown
in Figure 2 and the solute boundary condition given in Eq. 5
also provide a simple explanation for the bubble growth be-
havior shown in Figure 1. Clearly, the driving force for mass
diffusion is reduced when p, > 1, further slowing the growth
process.

Comparison of rigorous and approximate models

Figures 3, 4 and 5 show comparisons of bubble growth dy-
namics predicted by the IDS approximation model (synibols)
with those from rigorous model (solid lines) for three differ-
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Figure 3. Comparison of bubble growth models for N,
=1 and values of N, indicated in figure.
Solid lines for rigorous model; symbols for IDS approxima-
tions model. Values of other dimensionless groups are in
Table 1. Dashed line corresponds to diffusion-controlled
case where Ny = N = Np =0 and R(0) = 0 described by Eq.
16.
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Figure 4. Comparison of bubble growth models for N,
=10 and values of N, indicated in figure.

Solid lines for rigorous model; symbols for IDS approxima-
tions model. Values of other dimensionless groups are given
in Table 1. Dashed line corresponds to diffusion-controlled
case where Ny = N = Nz =0 and R(0) = 0 described by Eq.
16.

ent growth rates (N,) with varying levels of viscous effects
(N7). For N, =1.0 shown in Figure 3 and for N, = 10 shown
in Figure 4, the IDS approximation is valid throughout the
entire growth process for the two values of N shown in these
figures. This is not surprising since the IDS approximation
requires Ny <1, and in Figure 3, Ny = 0.001, and in Figure
4, Ny =0.01 (recall: Ng/N, is fixed and equal to 0.001). For
the highest growth rate, N, =100 shown in Figure 5, the IDS
approximation begins to fail and results in an underpredic-
tion of the growth rate as the process approaches diffusion-
controlled behavior. Hence, it appears the IDS approxima-
tion will be valid when N, < 0.1.

The interaction of viscous effects and bubble growth rate
can be ascertained from the rigorous model predictions in

800

600

200

0 DU TR SN SN SN RNV TORS R TRNON TR NUR Y NG N I

0 1 2 3 4 5
vt

Figure 5. Comparison of bubble growth models for N,
=100 and values of N; indicated in figure.

Solid lines for rigorous model; symbols for IDS approxima-
tions model. Values of other dimensionless groups are in
Table 1. Dashed line corresponds to diffusion-controlled
case where Np = No = Ni =0 and R(0) = 0 described by Eq.
16.
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Figures 3, 4 and 5. From these figures, it is evident that as
the bubble growth rate is increased (increasing N,) the re-
tarding effect of viscous forces in the liquid surrounding the
bubble is amplified leading to greater departures from the
diffusion-controlled case shown by the dashed line. This is an
important point since in practical situations where bubble
growth in viscous liquids takes place, a relatively large driving
force (N,) is required in order for appreciable changes in the
bubble radius to occur in reasonably short time scales.

In Figures 6, 7 and 8, predictions from the model using

both the IDS and TBL approximations are compared with

the predictions from the rigorous model for several different
growth rates. From Figure 6 where N, = 1.0, it is evident that
the approximate model dramatically underpredicts the bub-
ble growth rate. Since Np = 0.001, the IDS approximation will
be valid for this case (see Figure 3) so that the discrepancies
between approximate (symbols) and rigorous (solid lines)
models shown in Figure 6 are the result of using the TBL
approximation. This is not surprising since the TBL approxi-
mation, as was mentioned in the previous section, is valid
only if N,>1 and in this case N,=1. It is interesting to
note that in two previous studies where TBL approximations
have been used (Barlow and Langlois, 1962; Han and Yoo,
1981), the systems considered result in values for N, that
were on the order of one. In Figure 7 where N, =10, the
agreement between the approximate and rigorous model pre-
dictions is significantly improved. However, as in Figure 8,
when the growth rate is further increased, deviations be-
tween the rigorous and approximate models are observed. The
discrepancies in Figure 8 can be explained by the fact that
while the TBL approximation is most likely valid for this case
(N,=100> 1), the IDS approximation is beginning to break
down since Ny = 0.1. Hence, as anticipated, models that use
both IDS and TBL approximations are likely to have a rather
limited range of applicability requiring: 0.1 < N,Np < 10.

As was discussed in the previous section, diffusion-con-
trolled bubble growth (p, = 1) will be observed in viscous lig-
uids in the limit R —. The results shown in Figures 3 to 8
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Figure 6. Comparison of bubble growth models for N,
=1 and values of N, indicated in figure.
Solid lines for rigorous model; symbols for IDS and TBL
approximations model. Values of other dimensionless groups
are given in Table 1. Dashed line corresponds to diffusion-
controlled case where Np= Np= Ngp=0 and R(0)=0 de-
scribed by Eq. 16.

2956

November 1997

100 |
- ///
L -
.
L e
75 |
.
L - 4
L P
.
e 50 - 7 o
5001
R // °
L 7 0010
p
25 ¢ §°
L
- //
-
L.
N SR R S B
O 1 J. 1

0 1 2 3 4 5
vt

Figure 7. Comparison of bubble growth models for N,
=10 and values of N, indicated in figure.

Solid lines for rigorous model; symbols for IDS and TBL
approximations model. Values of other dimensionless groups
are given in Table 1. Dashed line corresponds to diffusion-
controlled case where Np= No= Ng=0 and R(0)=0 de-
scribed by Eq. 16.

demonstrate that during later stages of the growth process,
predictions from both the rigorous model and the approxi-
mate models approach this behavior such that

dR
—=2C

i (42)

where C is a constant. It is also evident that the time or,
more precisely, the bubble size required for this limiting be-
havior to be reached increases with increasing Njy. For all
cases considered, the growth rate in the diffusion-controlled
regime predicted by the rigorous model (solid lines) agrees
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Figure 8. Comparison of bubble growth modeis for N,
=100 and values of N; indicated in figure.

Solid lines for rigorous model; symbols for IDS and TBL
approximations model. Values of other dimensionless groups
are given in Table 1. Dashed line corresponds to diffusion-
controlled case where Ny = No= Ng=0 and R(0)=0 de-
scribed by Eq. 16.
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with the growth rate predicted by the exact similarity solution
(dashed lines).

It appears the validity of models for bubble growth in vis-
cous liquids using the IDS approximation, the TBL approxi-
mation, or both, can be established for later stages of the
growth process by comparing predicted growth rate constants
C with the exact similarity solution for diffusion-controlled
bubble growth from a zero initial radius.

Comparing the exact similarity solution Eq. 16 and Eq. 42,
it is evident that C = 8. The TBL approximation model de-
rived using the perturbation method, which also uses the IDS
approximation, gives the following estimate for the growth

rate constant
3
C=Njg/ = =N, (43)
w

which will correspond to the diffusion-controlled behavior
predicted by the models developed by Barlow and Langlois
(1962) and Street et al. (1971).

The three approximate models based on the integral
method considered in the previous section all approach diffu-
sion-controlled behavior for R — . Equation 34 with p, =1
and R > 1 gives the following for the growth rate constant

N,
C=——— (44)

J1-N,

The result in Eq. 44 was shown to be in good agreement with
the exact similarity solution for N, > 1 and N/N, < 1, which
ensures §/R <1 in Eq. 33 for p, =1 and, hence, the validity
of the TBL approximation (Rosner and Epstein, 1972). It is
also evident that for Ny <1, Eq. 44 is in approximate agree-
ment with Eq. 43. From the improved TBL approximation,
Eq. 35, with P = 1 and R> 1, we find

C= N (45)
VY J/ir20-Np A, -1

At later stages of the growth process R — o, the model of
Han and Yoo (1981) will have a growth rate constant given by
Eq. 45 with Np =0, since the IDS approximation was also
used. From the approximate model developed by Payvar
(1987), we have from Eq. 39 with p, =1 and R>>1

Py BN P ! (46)
2 Vi+=Np/N, -1

The growth rate constant C for diffusion-controlled growth
from the approximate models Eqs. 44-46 are compared to
the exact solution C = B8 in Figure 9 over a wide range of N,
with the ratio Ng/N, fixed at 0.001. From this figure, it is
evident that the TBL approximation Eq. 44 based on the in-
tegral method of Rosner and Epstein (1972) is valid only if
N, > 10; that the higher-order approximation given in Eq. 45
increases the range of validity slightly to N, > 3. The approx-
imate solution derived by Payvar (1987) given by Eq. 46 ap-
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Figure 9. Comparison of growth rate constants for dif-
fusion-controlled bubble growth from approx-
imate models with exact solution for Ng/N, =
0.001.

Symbols are for exact similarity solution; solid line for Eq.
44; dashed line for Eq. 45; dash-dot line for Eq. 46; dotted
line for Eqs. 44-46 with Ng = 0 for N, > 10. Note that solid,
dashed and dash-dot lines coincide for N4 > 100.

pears to be valid over the entire range of N, shown in Figure
9. In fact, for N, < 1; Nz < N, Eq. 46 reduces to

N,
c=1 2
5 47)

which is consistent with the zero-order perturbation solution
for slow bubble growth (Vrentas et al., 1983). From Figure 9,
it is also evident that the IDS approximation is valid for N,
< 100, or for Ng < 0.1, since Ng/N, is fixed at 0.001. Conse-
quently, when the IDS approximation and the TBL approxi-
mation based on the perturbation method or the integral
method are both used, the range of validity of the resulting
model will be rather narrow: 10 < N, <100. For the im-
proved integral method proposed by Han and Yoo (1981),
the range is slightly larger: 3 < N, <100. Clearly, if the ratio
Np/N, is increased (or decreased), the upper limit on the
range of applicability will decrease (or increase).

The ranges of validity for the IDS and TBL approxima-
tions established in Figure 9 are, as noted above, only appli-
cable to later stages of bubble growth for bubbles growing in
viscous liquids. One way to examine the validity of these ap-
proximations during early stages of the growth process where
viscous effects are still prevalent is to make comparisons such
as those shown in Figures 3 to 8. For the TBL approximation
based on the integral method, the magnitude of the right-
hand side of Eq. 33 can be used to determine the effect mo-
mentum transport has on the validity of this approximation
since it requires §/R < 1. As shown in Figure 2, viscous ef-
fects result in a rather dramatic increase in the bubble pres-
sure at early stages of growth. It is evident that when p, > 1,
the righthand side of Eq. 33 becomes larger and, conse-
quently, the TBL approximation (8/R < 1) will have a re-
duced range of validity as compared with the diffusion-con-
trolled case (p, =1).

Since the approximate solution derived by Payvar (1987)
given in Eqs. 37 and 38 appears to have a rather broad range
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of applicability, we shall use this solution to develop a mode]
for bubble growth in viscous liquids. Recall that the model
developed by Payvar (1987) used the IDS approximation (Np
=(0) and neglected interfacial, viscous and inertial forces in
the liquid, but allowed for a time-dependent pressure in the
liquid far from the bubble p,. This is equivalent to setting p,
equal to an arbitrary, but known function of time, and inte-
grating Eq. 39 with Ny =0.

New approximate model

The model proposed here will use the approximate solu-
tion of Payvar (1987), but will allow for interfacial, viscous
and inertial forces in the liquid to surround the bubble. It
also uses the IDS approximation so we can expect the model
to be valid for all N, and Ny < 0.1, which will include most
situations of interest. Equations 21 and 39 (with Ny = 0) must
be integrated with initial conditions in Eqs. 9, 10 and 22. To
handle the singularity in Eq. 39 at ¢+ =0, we integrate this
equation over a small time step from ¢ =0 to t = A¢, where it
is assumed that bubble radius remains fixed, which results in
a small jump in the bubble pressure from p,(0) to p,(At).
This mathematical approximation can be justified from physi-
cal arguments since inertial effects in the liquid, however
small, will prevent the liquid surrounding the bubble from
accelerating instantaneously. Hence, a small amount of so-
lute will diffuse into the bubble, whose radius is momentarily
fixed, causing a jump in the bubble pressure. The proposed
model is given by the following set of ordinary differential
equations, derived from Egs. 21 and 39 with Ny =0, along
with initial conditions modified to resolve the singularity

R .
—=R RAD=1 (48)
dt
R_1 (1 2NC) 4NR 3R R(AD)=0
— = —q1+2— ] = —] - —— t)=
dr Ng|Pe R TRIR 2R

(49)
d R N, (1-N,
ﬁ=_3pg_ 3_,; (34
dt R TR\ 1-Ng

1 1-Ng p, R —(1+2N)
x|1+ 1+ — 7 -

(50)
P(A1) =1+2N, +2N,/341

Note that the time step Ar appearing in Egs. 48-50 can be
made arbitrarily small so that the initial conditions given in
Eqgs. 9, 10 and 22 are recovered.

Figure 10 shows a comparison of bubbie growth behavior
from the proposed model (filled symbols) and the rigorous
model (solid line) for N, =1 and Ny =1. This figure shows
that the proposed approximate model given by Eqgs. 48-50 is
in fairly good agreement with the rigorous model given by
Egs. 1-11. Comparisons of the proposed approximate model
and the rigorous models for other growth rates showed simi-
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Figure 10. Comparison of bubble growth modeis for N,
=1 and NT =1.
Solid line for rigorous model; open symbols for IDS and
TBL approximations model; filled symbols for model given
in Eqs. 48-50. Values of other dimensionless groups are
given in Table 1. Dashed line corresponds to diffusion-
controlled case where Ny = No= Ng =0 and R(0) = 0 de-
scribed by Eq. 16.

lar results. Thus, it appears that reasonably accurate predic-
tions can be achieved while significantly reducing computa-
tional effort—solving three ordinary differential equations
rather than solving a system of ordinary and partial differen-
tial equations. Also shown in Figure 10 are predictions from
the model using the TBL approximation derived by Rosner
and Epstein (1972) (Eq. 41). Based on the results shown in
Figure 9, it can be expected that the improved TBL approxi-
mation model suggested by Han and Yoo (1981), Eq. 34 with
Ng =0, will give predictions somewhere between the filled
and open symbols shown in Figure 10. To make these com-
parisons somewhat more quantitative, let ¢,;, be the time re-
quired for a bubble to grow to ten times its initial size: R(z,,)
=10. For the case shown in Figure 10, the prediction from
the TBL approximation model predicts a value of ¢, that is
off by a factor of about three, while the approximate model
given by Eqs. 48-50 is off by about 6.5%. From Figure 9, it
appears that at higher growth rates (larger N,), discrepancies
between the two approximate models and between the ap-
proximate models and the rigorous model will diminish until
Np > 0.1. At lower growth rates (smaller N,), we can expect
the approximate model given by Egs. 48~50 to be superior to
previously-proposed models that use a TBL approximation.

Summary

A rigorous transport model for bubble growth and dissolu-
tion in viscous liquids has been formulated. We have shown
how previously proposed, approximate models of these phe-
nomena can be derived from the rigorous model using vari-
ous mathematical methods. Two simplifying approximations
have been used extensively in previous modeling work with-
out validation—the infinitely dilute solute (IDS) and the thin
boundary-layer (TBL) approximations. Using dimensional
analysis, we have shown that the IDS approximation corre-
sponds to Ng <1 and the TBL approximation corresponds
to N, > 1, where N is a dimensionless group related to the
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driving force for mass diffusion and N, is a dimensionless
group related to the rate of bubble growth.

The retarding effect of viscous forces on bubble growth rate
has been examined and is explained by a rather dramatic in-
crease in the bubble pressure at early stages of the growth
process, which also reduces the effective concentration dif-
ference that drives mass diffusion. This retarding effect was
shown to be more pronounced at higher growth rates.

Comparison of bubble growth behavior predicted by the
rigorous model with predictions from approximate models us-
ing the IDS approximation and using both the IDS and TBL
approximations have been carried out over a wide range of
conditions. Good agreement between the rigorous model and
the IDS approximation model was found when N, < 0.1. For
the model using both the IDS and TBL approximations, good
agreement was found over a relatively limited range: 0.1 <
N4Ng <10.

Although predictions for bubble collapse were not pre-
sented, it is expected that the IDS approximation will be valid
when |Ng| <0.1. Based on results for diffusion-controlled
bubble collapse where the TBL approximation is limited to
|N,I =100 (Vrentas et al., 1983), we can expect similar re-
strictions on models for diffusion-induced bubble collapse in
viscous liquids.

A new approximate model for bubble growth in viscous lig-
uids has been formulated based on a previously-published,
approximate solution of the species continuity equation that
does not require a TBL approximation. Predictions from this
approximate model, which requires integration of three ordi-
nary differential equations, were found to be in reasonably
good agreement with predictions from the rigorous model,
which requires considerably more computational effort.

The results of this study should provide a firmer founda-
tion for the development of more realistic (complex) models
for diffusion-induced bubble growth and collapse in viscous
liquids. For example, non-Newtonian fluids can be handled
by appropriate modification of the integrated momentum
balance on the liquid. Elasticity and other non-Newtonian ef-
fects will be the subject of a forthcoming article.
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Notation

A= M /RT=solute gas density factor where: M; is solute
molecular weight, R is the ideal gas law constant,
and T is the absolute temperature

Pe= pg/p<>c = dimensionless bubble pressure
r =r*/R,= dimensionless radial coordinate

R = R*/R,= dimensionless bubble radius

t = * D/R%= dimensionless time

v, = v} R,/D = dimensionless radial velocity
*
pPL— P . . .
p= ZL"1% _ dimensionless solute mass density
p—kp.,
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